Recently two different concepts of covers of acts over monoids have been studied. That based on coessential epimorphisms and that based on Enochs' definition of a flat cover of a module over a ring. Two recent papers have suggested that in the former case, strongly flat covers are not unique. We show that these examples are in fact false and so the question of uniqueness appears to still remain open. In the latter case, we re-present an example due to Kruml that demonstrates that, unlike the case for flat covers of modules, strongly flat covers of S−acts do not always exist.
Introduction and Preliminaries
Let S be a monoid. By a right S−act we mean a non-empty set X together with an action X × S → X given by (x, s) → xs such that for all x ∈ X, s, t ∈ S, x1 = x and x(st) = (xs)t. We refer the reader to [7] for basic results and terminology in semigroups and monoids and to [1] and [9] for all undefined terms concerning acts over monoids. Enochs' conjecture, that all modules over a unitary ring have a flat cover, was finally proven in 2001. In 2008, Mahmoudi and Renshaw [13] initiated a study of flat covers of acts over monoids. Their definition of cover proved to be different to that given by Enochs and in 2012, Bailey and Renshaw [2] initiated a study of Enochs' definition of cover. We give here both definitions but note that we use a slightly different terminology to that used in [13] . Definition 1.1 Let S be a monoid, A an S−act and let X be a class of S−acts closed under isomorphisms.
1. We shall say that an S−act C together with an S−epimorphism f : C → A is a coessential-cover of A if there is no proper subact B of C such that f | B is onto. If in addition C ∈ X then we shall call it an X −coessential-cover.
2. By an X -precover of A we mean an S−map g : P → A for some P ∈ X such that for every S−map g ′ : P ′ → A, for P ′ ∈ X , there exists an S−map f : P ′ → P with University of Southampton, Southampton, SO17 1BJ, England Email: alex.bailey@soton.ac.uk j.h.renshaw@maths.soton.ac.uk
If in addition the X −precover satisfies the condition that each S−map f : P → P with gf = g is an isomorphism, then we shall call it an X −cover.
It was shown in [3, Lemma 2.1] that if X is the class of projective (or free) S−acts then these two definitions coincide, whereas if S is the infinite monogenic monoid and X = SF is the class of strongly flat S−acts then it easily follows from [13, Corollary 3.3] 
and define a right S−congruence ρ on S by (s, t) ∈ ρ if and only if either (s, t) ∈ x 0 or s, t ∈ x 1 , x 2 , . . . ∪ {1}. For notational convenience, let us denote 1 by x 0 i for any i ≥ 0. Now let R i = x i ∪ {1} and define a right congruence σ i on S by (s, t) ∈ σ i if and only if there exists p, q ∈ R i with ps = qt. It is clear that if i = j then σ i = σ j . Qiao and Wei claim that S/σ i and S/σ j are distinct SF −coessential-covers for S/ρ. However by [13, Lemma 2.4] we see that S/σ i ∼ = S/σ j if and only if there exists u ∈ S such that σ i = {(s, t) ∈ S × S | (us, ut) ∈ σ j }. We show now that this is indeed the case. First let us suppose without loss of generality that j > i ≥ 0. Suppose also that (s, t) ∈ σ i so that there exists p, q ∈ R i with ps = qt. Assume without loss of generality that s = t. We consider two cases:
In both cases we deduce that (s, t) ∈ {(s, t) ∈ S × S | (x i s, x i t) ∈ σ j }.
Consequently S/σ i ∼ = S/σ j and the SF −coessential-covers are not distinct. Notice in fact that by [5, Proposition 2.8] S/ρ does indeed have a unique SF −coessentialcover since every element of the form x j j is a right zero in [1] ρ . There is a similar mistake to be found in [11, Example 3.4] where the same claim is made. Indeed the monoid in this example is finite whereas Ershad and Khosravi in [5] give an extensive list of monoids, which include the finite ones, where SF −coessential-covers are unique, when they exist. A much simpler example with the same property would be the monoid S = R 1 where R is any right zero semigroup. Given any z ∈ R, define R z = {1, z} and (s, t) ∈ σ z if and only if there exists p, q ∈ R z such that ps = qt. Then for every z 1 , z 2 ∈ R, σ z1 = σ z2 and S/σ z1 and S/σ z2 are both SF −coessential-covers of the 1−element S−act. However, S/σ z1 and S/σ z2 are both isomorphic. Consequently the question of when SF −coessential-covers are unique would appear still to be an open one.
Existence of SF -covers
Enochs, Bican and El Bashir finally proved that all modules over a ring have flat covers in 2001. Similar results have subsequently been proved in a number of other categories and the obvious analogue for acts over monoids would be the existence of SF −covers. However it has recently been brought to our attention that Kruml [10] has provided an example to show that SF −covers do not always exist. The result below is essentially Kruml's, our contribution being to translate the proof from the language of varieties to the language of S−acts. We also pose a new question about the existence of SF −covers. 
Proof.
We first note that S is left cancellative. In fact, every word w ∈ T has a unique normal form w = a α(1) · · · a α(n) where α(i) ≤ α(i + 1) for all 1 ≤ i ≤ n − 1, and given any a α(n+1) , a β(n+1) , it is easy to see that wa α(n+1) = wa β(n+1) implies α(n + 1) = β(n + 1). Hence every S−endomorphism h : S → S is injective, as h(s) = h(t) implies h(1)s = h(1)t. Assume Θ S does have an SF -precover, then by [2, Lemma 4.7], SF contains a weakly terminal object, say T . By [14, Theorem 5.3] , let (T, α i ) i∈I be the directed colimit of finitely generated free S-acts (T i , φ i,j ) i∈I . Let X be any totally ordered set with |X| > max{|I|, ℵ 0 , |S|} and let Fin(X) denote the set of all finite subsets of X. We now define a direct system indexed over Fin(X) partially ordered by inclusion, where every object S Y is isomorphic to S and a map from an n − 1 element subset Y into an n element subset Y ∪ {z} is defined to be the endomorphism λ ai : S → S, s → a i s, where i = |{y ∈ Y | y < z}|. It follows from the presentation of S that this is indeed a direct system. Let (F, β Y ) Y ∈Fin(X) be the directed colimit of this direct system, which by [14, Proposition 5.2] , is a strongly flat act. Therefore, there exists an S-map t : F → T . Now for each singleton {x} ∈ Fin(X), tβ {x} (1) ∈ T and so there exists some i ∈ I and x i ∈ T i such that α i (x i ) = tβ {x} (1). Define the S-map θ i : S {x} → T i , s → x i s and then tβ {x} = α i θ i . So by the axiom of choice we can define a function h : X → Z, x → (i, x i ) where Z := {(i, x) ∈ {i} × T i | i ∈ I} and |Z| ≤ max{|I|, ℵ 0 , |S|}. Since |X| > |Z|, h cannot be an injective function and so there exist x = y ∈ X with h(x) = h(y). Since θ i is determined entirely by the image of 1, we have that tβ {x} = α i θ i = tβ {y} . Without loss of generality, assume x < y in X, then β {x,y} λ a1 = β {x} and β {x,y} λ a0 = β {y} . Similarly there also exists j ∈ I, θ j ∈ Hom(S {x,y} , T j ) such that tβ {x,y} = α j θ j . Therefore we have
and so by [2, Theorem 2.2],there exists some
which again, implies there exists some
Since both T j and T m are finitely generated free S-acts, and S {x,y} is a cyclic S-act, it is clear that φ j,m θ j is an endomorphism of S and so a monomorphism. Therefore λ a0 = λ a1 which implies a 0 = a 1 which is a contradiction.
It is still an open question to find necessary and sufficient conditions for the existence of SF −covers for the category of acts over monoids.
Recall that a ring/monoid is called right perfect if every right module/act over it has a projective cover. Bass proved in 1960 that a ring is right perfect if and only if it satisfies M L , the descending chain condition on principal left ideals [4] . It was shown in [8] and [6] that the case for monoids is different. A monoid is right perfect if and only if it satisfies M L and Condition (A), every right S−act has the ascending chain condition on cyclic subacts. It was shown in [2, Proposition 5.7 ] that a monoid S satisfying Condition (A) is a sufficient condition for every S−act to have an SF −cover. The converse however is not true, the infinite monogenic monoid being a counterexample. It was also shown in [2, Corollary 5.6] that S being right cancellative is sufficient for every S−act to have an SF -cover, and as we can see from the next Lemma, right cancellativity and M L implies Condition (A). 
Given any s ∈ S, consider the chain Ss ⊇ Ss 2 ⊇ Ss 3 ⊇ . . . , by M L there exists some n ∈ N such that Ss n = Ss n+1 and by right cancellativity this implies S = Ss.
Since the only known counterexample to the existence of SF −covers, as given above, does not have M L , it seem natural to pose the following question This clearly generalises the situation for rings where modules always have flat covers and a ring is perfect if and only if it has M L . Clearly one way is obvious as a perfect monoid has Condition (A) and so every S−act has an SF −cover. The converse however is not clear. We would like to know if there exists a monoid S satisfying M L but not Condition (A) for which every S−act has an SF −cover. Another class of monoids known to have SF −covers are those monoids having weak finite geometric type (see [2, Proposition 5.4] ). This would seem to be a good place to look for a counterexample, although the main example of a monoid having weak finite geometric type, that is not right cancellative, is the Bicyclic monoid which does not have M L .
